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Every element becomes a dot product of row vector
and column vector.
1 (x1+2x2)  (01t+2y2)
3 [xz y =|Bx1+4xz)  (3y1+4y2)
5 (5x1+6x3)  (5y1+6y2)
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The produced rows are linear combinations of rows.

1 aji] aiX
3 ;1 J/1 =|a3|X =|a3X
5 z }’z a3 azX
3 3
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Ax and Ay are linear combinations of columns of A

[

Ax y]:

'

[Ax Ay]

Multiplication AB is broken down to a sum of rank 1 matrices.

1 2 1
[3 p b11 b12] =[a1 az] [Z%] = a;b] + azb3

5 g lb21 D2

1 2 bi1 b2 2byq
=13|[b11 bi2]l +|4| [b21 b2zl =|3b11 3byz|+|4b2

5 6 5b11 5bipl  16by

|~ [E1]

2b22
6b22
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Operations from the right act on the = I + I + I
columns of the matrix. This 2
expression can be seen as the three
linear combinations in the right in -

one formula. = I + I +
3
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P2 m2mm 2
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Operations from the left act on the
rows of the matrix. This expression

can be seen as the three linear
combinations in the right in one
formula.
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A =|265|=|25|=|25

361 1361 L36
1 matrix 6 numbers 2 column vectors 3 row vectors
with 3 numbers with 2 numbers
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[r20n] = o/t + o 2] + oINS
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Applying a diagonal matrix from the right Applying a diagonal matrix from the left
scales each column. scales each row.

d; d, b; d,b;
AD = [al a; a3] [ d2 l = [dlal dzaz d3a3] DB = dz l b; = dzb;
ds dsl[b3] [dsb3
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This pattern makes another combination of columns.
You will encounter this in differential /recurrence equations.

dl Cl
XDc =[x1 Xz X3] [ d, l [Czl =c1d1xq + cpdy X3+ c3d3x3
ds;l1cs
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A matrix is broken down to a sum of rank 1 matrices,
as in singular value/eigenvalue decomposition.

01 v]
usvt =[uy uy w)| o, |[vI|=0wv] + ou,vi+ osusvl
T
0'3 v3
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vl [—] = + = @ Dot product (number) v2 [-] = = o o° Rank 1 Matrix
o0
o0
Dot product (a - b) is expressed as aTh in abT is a matrix (ab” = A). If neither a, b are 0,
matrix language and yields a number. the result A is a rank 1 matrix.
X1 11 [*1 1 x 0y
[1 2 3]{x|=|2||*2| = x4 + 2x; + 3x3 2[[x y]=1|2x 2y
X3 31 I3 3 3x 3y
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Leads to column rank = row rank

I ] Independent columns in €
C R | Row echelon form in R

M [ LUdecomposition from
A —_— L U e Gaussian elimination
- I O 0O (Lower triangular) (Upper triangular)

T 1B X QR decomposition as
A R o0 Gram-Schmidt orthogonalization
° Orthogonal Qand triangular R
T T | ) Eigenvalue decomposition
S ju— Q AQ ° of a symmetric matrix S
°
T T ] |e
A=UXV .

Eigenvectors in @ eigenvalues in A
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Singular value decomposition
of all matrices 4
Singular values in £
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S Q A 19197 224293 239393 using

{r 1 ol

U 2 01 U V] T, UV
°
°

Matrix (mxn)

A=uzvTEEN

SVD: orthonormal basis U,V

illust-p41.eps

usmg

illust-p42.eps

Matrix Factorization

Appearing section

(in Linear Algebra for Everyone)

A=CR
row rank = column rank

Square Matrix (nxn)
i
Invertible <« Singular
det(A) # 0, allA# 0 i at least one 2 = 0,det(4) = 0
A=QR Triangulérize — A=LU

Gram-Schmidt ——U has a zero row
!

Diagonalizable

ositive T
emidefinite S = QAQTHIE

all1>0,all ATA S=

] Projection B
P2=pP=P",A=10r0
——ZJ

(72}

all [A]=1

permutation of I
all Aarerootsof 1

Q=[—01
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The row vectors of A are multiplied by a vector x

and become the three dot-product elements of Ax.

1 2], [ (x1+2x,)
ax =3 4| [ 1] = [Gx +4x,)
5 6 | (5%, + 6x7)
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The product Ax is a linear combination of the

column vectors of A.

1 2
Ax =

5 6

= [(n+3y, +5y3) (2y; + 4y, + 6y3)]

s 4 [2]-x

wi2) (o @ o] = ofmmm] - ofmum— + ofm—]
[ ]
[ ]
[1 2
yA=1[¥1 Y2 Y3]|3
5 6
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4|=y1[1 2]+y,[3 4]+ 5[5 6]

+ x,
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A row vector y is multiplied by
the two column vectors of 4

and become the two dot-product
elements of yA.

The product yA is a linear
combination of the row
vectors of A.



