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Abstract
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Uzv?’).
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o 1.1

5 (p.2) Linear combination and dot products
o 1.3 77 (p.25) Matrix of Rank One
1 (

e 14 p-29) Row way and column way

vl [_]{} = ®m = e Dotproduct (number) 2 {}[-] ZH = {o o} Rank 1 Matrix

Dot product (a - b) is expressed as a'b in abT is a matrix (ab” = A). If neither a, b are 0,
matrix language and yields a number. the result A is a rank 1 matrix.
X1 17 *1 1 x y
[1 2 3]|x2|=|2]-|*2| =x +2x, + 3x5 2|[x y]=|2x 2y
X3 31 13 3 3x 3y

Figure 2: [ PAMIE - (v1), (v2)
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o 1.1 75 (p.3) LInear combinations

o 1.3 77 (p.21) Matrices and Column Spaces
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The row vectors of 4 are multiplied by a vector x The product Ax is a linear combination of the
and become the three dot-product elements of Ax. column vectors of 4.

1 2 X, (x1+2x3) 12 X1 1 2
Ax=|3 4 [xz]= (3x, + 4x,) Ax=(3 4 [x2]=x1 3| +x, |4
5 6 (5x1 + 6x3) 6 5 6

Figure 3: FEFEFPAM - (Mvl), (Mv2)
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Arow vector y is multiplied by
the two column vectors of 4
= 3 5 2 4 6
] [O1+3y, +5y3)  (2y1 +4y2 + 6y3)] and become the two dot-product
elements of yA.
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The product yA is a linear
=y(1 2]+y.[3 4]+ s[5 6] combination of the row

vectors of A

Figure 4: [a)& I PAFEFE - (vM1), (VM2)
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LTIEI A BAT IR B e AL R I TS EE ) C(AT). yA = 0 WSR2 A fZEE 2500, ek
N(AD).

ABR)— KSR A AR T30 £ R™ _Ei) N(A) + C(AT) (MIHEIERR) FifE R™ L) N(AY) +
C(A) (FHH.IE).

e 3.5 77 (p.124) Dimensions of the Four Subspaces
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perpendicular perpendicular
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N(4) Ax =0

dm=n—r

left nullspace

N(AT) yA=0
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R™ = N(4) + C(4")

R™ = C(A) + N(4T)
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Figure 5: PU4~F25[]
XF®er, i A=CR (6.1 7).
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o 1.4 37 (p.35) Four ways to multiply AB = C

o WATPANLF AT
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Every element becomes a dot product of row vector

Mt

Ax and Ay are linear combinations of columns of 4.
and column vector.
(1+2x2)  (1+2y2) X1 Y1
[ ][xz Yo) = |Bxr+axz) - (Byr+ays) 3 4 [xz y2]=A[x Y] =[Ax Ay]
(5x1+6x7)  (5y1+6y2)
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Multiplication AB is broken down to a sum of rank 1 matrices.

b1y b12
bay bzz

by . N
The produced rows are linear combinations of rows. [a1 az] [ *] = a1b1 + azb;

ax by bip] [2b21 2bz
X1 )’1 I s X— X [bn b12]+ [b21  bpp] = |3byy 3bip|+|4by  4by,
xz yz Z a;X 6 5biy; 5bial  l6by  6by,

Figure 6: iR AKERE - (MM1), (MM2), (MM3), (MM4)
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. _ 7] = o[ 4ol |4 o] using
P1 {1 2 3} {o } {1 2 3} 1 1 2 3 MZM Mv2
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Operations from the right act on the = + +
columns of the matrix. This 2 1 2 3
expression can be seen as the three
linear combinations in the right in - - T 0T
one formula. W) =4+

. {ooo} {—}:{ 1 } [1 ] = oM o mm2em | o IS using

(] = of m—+ o — -+ c—] ;2

Operations from the left act on the

rows of the matrix. This expression [ 3 ] = [_]'l' [_] + [_]
can be seen as the three linear

combinations in the right in one

formula.

Figure 7: & 1, 2 - (P1), (P1)

P12 (MM2) fil (Mv2) i456. P2 2 (MM3) fIl (vM2) 9 . 38, PL2siass (Aa— M), i
P2 AT (Zefe— ).
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Applying a diagonal matrix from the right Applying a diagonal matrix from the left
scales each column. scales each row.
d dy b} d,b;
AD =[a1 a; as]| d, =[diay dya, d;asz] DB=| d, b;| = |d,b;
ds dsl | b3 dz b

Figure 8: [ 1/, 2 - (P1'), (P2)
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This pattern makes another combination of columns.
You will encounter this in differential /recurrence equations.

dy (%1
XDc =[x1 %2 x3] [ d, ] [Cz] = c1d X1 + CpdyXa+ c3dzxs
dsllcs

Figure 9: & 3 - (P3)
2 fFRAR 53 T RE RN I A 7 AR 2 e X — AR
e 6 77 (p.201) Eigenvalues and Eigenvectors

o 6.4 77 (p.243) Systems of Differential Equations



- Au(t), u(0)=wuo

Upt1 = AUy, U = U

FEPRR T, MRS T DA A BOAHIEME (M, Ao, Aa). BHIEM I X = [21 @0 @3] MIRH ¢ =
[er ea es)' Fom. Hh C 2L X HEIRAIPIAH w(0) = uo HIARET.

Uy = C1T1 + C2x2 + C3T3

C1
c= |ea| = X g
cs
AL ) e i -
u(t) = eMug = XeM Xy = XeMe = creMiay + cpetay + czet s
w, = A"ug = XA"X tug = XA'c=ci ATz + co\jx2 + cs\jx3

I Figureﬂ: P3 4111y X De.
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A matrix is broken down to a sum of rank 1 matrices,
as in singular value/eigenvalue decomposition.

T
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A=CR,A=LUA=QR,A=QAQT, A=UXVT $——i.
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6.1 A=CR

e 1.4 35 Matrix Multiplication and A = CR (p.29)
P — M KA A A R RIS R, XA @ AR — & i B 7k, © th A RIZMETD
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Figure 12: CR W78k
[ERE, SRR 2, B R WA 2 NERETO AT, H A TG B4R DAl R Wiy 2 fT4PESR .

6.2 A=LU

2% Eﬁ;ﬁ{ﬁﬁ%{i*ﬁ@ Az = b BYFEHN LU i 0%, 2 A 2 MRIFATZLIE (B) G2 L=
fils: U.

EA=U
A=E"'U
let L=E~!, A=1LU
BUE, KM Ax =bf 2 4 (1) Rff Le=b, (2) Al Uz =c.
o 2.3 77 (p.57) Matrix Computations and A = LU
T, FATE RN AW LAU.
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6.3 A=QR
A= QR EIERFF C(A) = C(Q) WIFIT, 5 A BACNIERHFE Q.
e 4.4 %7 Orthogonal matrices and Gram-Schmidt (p.165)
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q2 = az — ((hTaz)(h, qs = QQ/HQQH
g3 = a3 — (q{ as)q1 — (g3 a3)q2, g3 = q3/|lgsl|



KRB TG iy = qFa;:

a; = 111491
az = Ti12q1 + 72292

as = r13q1 + 2392 + 13393

JFAK) A ST PAFR N QR: AT MR DA b = ff R .

I ] [rn ri2 73
A=|q1 q g3 T22 T23

o 733

= QR

QQ"=Q"Q=1

a; a; as

{ Jz@zﬁﬁéj_b thahﬂ%}ﬁﬁ

Figure 15: A= QR
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e 6.3 77 (p.227) Symmetric Positive Definite Matrices
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6.5 A=UXV"T
e 7.1 75 (p.259) Singular Values and Singular Vecrtors
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4. Kenji Hiranabe(2020), Matriz World, An Agile Way(blog),
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Matrix Factorization

Matrix (mxn)
A=CR VRN 7.1 |

row rank = column rank SVD: orthonormal basis U,V

Appearing section

(in Linear Algebra for Everyone)

Square Matrix (nxn)
= |
4 5 6 Invertible <——> Singular
det(A) #0,allA#0 i at least one 2 = 0,det(4) = 0

A=QR — Triangulz?rize -~ A=LU

Gram-Schmidt t———U has a zero row

Diagonalizable

N A=Xxjx~* N

J =Jordan form

éemldeflnite

~ all 1> 0{ all ATA

permutation of 1
all Aareroots of 1

Posutlve\

D eflnlte‘

pseudoinverse for all A

AT =vztUT  ER

Figure 19: fH [ FL
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